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ABSTRACT: We consider the equilibrium structure of the complex formed by an ionized starlike polymer
micelle with oppositely charged polyion. The charges on both the micelle and polyion are quenched, and
the complex is immersed in a salt-free aqueous solution. Analytical and numerical self-consistent-field
(SCF) models are employed to describe the properties of such a complex. Our findings indicate that the
micelle-polyion complex is essentially electroneutral as a whole and that the polyion replaces almost all
small counterions within the micelle corona. The structure of the complex is governed by the effective
second and third virial coefficients of monomer-monomer interactions and is much more compact than
original ionized micelle. Furthermore, the structure of the complex is predicted to be insensitive to the
molecular weight of the polyion. The effective virial coefficients can be mediated by variations in the
solvent quality, the degree of ionization, and the incompatibility of the branches of the micelle and polyion.
We derive the diagram of the states of the complex and delineate the range of its thermodynamic stability.
The results of numerical SCF calculations are in reasonable agreement with the analytical predictions.
It is also found that the detailed distribution of the polyion charge has only a minor effect on the overall
structure of the complex.

I. Introduction

Electrostatic interactions between oppositely charged
objects drive them to associate and to form complexes
of various morphologies. The controlled complexation of
charged macromolecules plays an important role in
various fields of science and technology. For example,
association of oppositely charged polymers into multi-
layer structures gives rise to thin conductive films for
microelectronics,1,2 whereas adsorption of polyelectro-
lytes on colloid particles governs the stability and
flocculation of dispersions3 In biology, association of
DNA with cationic proteins and liposomes plays a
central role in gene reproduction and therapy 4,5 There
have been several recent reports of the formation of
micellar structures from the interaction of two op-
positely charged block copolymers.6

In our study we focus on the association behavior of
ionized polymer micelles with oppositely charged linear
polyions. Charged polymer micelles have been a subject
of intensive experimental and theoretical investigations
during the past decade.7-11 Many of the charged micelle
systems exhibit high aggregation stability in a wide
range of conditions because of their glassy core while
being resistant against aggregation by virtue of the
corona charge and steric stabilization. This makes them
attractive candidates for targeted drug delivery and
other biomedical applications.12 The structure and size
of the charged micelle coronas are governed by both the
long-range electrostatic forces and the sort-range van
der Waals interactions. As a result, the coronas of such
micelles are more extended and exhibit a much different
internal organization than their neutral analogues.13

The intracorona electrostatic interactions can be medi-
ated by additions of low molecular weight salt or

oppositely charged macroions. When oppositely charged
polymers are added in the solution, they can penetrate
in the corona of the micelle and give rise to micelle-
polyion complexes. Recent experiments clearly indicate
that charged micelles prepared from PS-b-PVP block
copolymers can form water-soluble complexes with
negatively charged sulfonated polystyrene (PSS).14 The
mass ratio of PSS per micelle was shown to depend
weakly on the molecular weight of PSS and the ionic
strength of the solution. An interesting feature of such
a complex is huge mass overcompensation. That is, the
mass ratio of bound PSS and PS-b-PVP micelle could
be much higher than unity.14

The goal of this paper is to examine how the structure
and properties of a micelle-polyion complex in a salt-
free solution depend on the molecular parameters of
each constituent. In section II we describe the model of
the complex. We then apply two theoretical methods to
investigate the features of such a complex. In section
III, we develop an analytical self-consistent-field theory
to describe the internal structure of a micelle interacting
with the polyion and derive the diagram of states for
such a complex. In section IV we supplement our
analytical findings with the results of a numerical self-
consistent-field (SCF) model which employs the
Scheutjens-Fleer formalism generalized for charged
species on the Poisson-Boltzmann level.15 Finally, in
section V we discuss the results and summarize our
conclusions.

II. Model
We consider a spherical polymer micelle formed by

AB diblock copolymers with a charged soluble block. The
micelle is immersed in solvent (water). The core of such
a micelle contains the insoluble block B whereas the
corona is formed by the charged blocks A which provide
the solubility of the micelle in the solution. At equilib-
rium the aggregation number f (i.e., the number of

† University of Texas at Austin.
‡ Russian Academy of Sciences.

5053Macromolecules 2001, 34, 5053-5066

10.1021/ma010399r CCC: $20.00 © 2001 American Chemical Society
Published on Web 06/06/2001



diblocks per micelle) is governed by the molecular
parameters of the blocks and the ionic strength of the
solution.7 However, under experimental conditions, the
micelles often demonstrate“nonequilibrium” behavior.
This is conventionally attributed to the “freezing “ of
the core of micelle. We adopt such a picture and assume
below that the aggregation number f in the micelle is
fixed and remains unchanged in the process of com-
plexation between the micelle and the polyions. This is
the case for the physical system of micelles formed from
protonated PS-b-PVP.14 It is not possible to protonate
a polymer micelle of this type until the “frozen” neutral
micelle has been formed in mixed organic solvents.
Therefore, there is no effect of the charge on the corona
on f.

We assume that the overall size of the micelle (H) is
noticeably larger than radius of the core (R), and
therefore the micelle demonstrates “starlike” behavior.
We let N be the number of monomers of size a in each
branch of the micelle and R be the degree of ionization.
The charge on each branch q ) RN is quenched. That
is, R does not depend on the distance from the core and
on the variations in the ionic strength in the surround-
ing solution. The total number of charges on the micelle
is Q ) fq ) fRN. In the absence of oppositely charged
polyions, the starlike micelle also contains mobile coun-
terions. For strongly charged micelles with Q . H/lB
(lB ) e2/εkT is the Bjerrum length, where e is the
elementary charge and ε is the dielectric constant of the
solution), almost all of the counterions are trapped
inside the micelle. Under these conditions, the corona
is swollen by the osmotic pressure of the counterions,
and its thickness scales as16

The counterions are “trapped” inside the micelle when
the aggregation number is large enough,

Below we assume that inequality (2) is always fulfilled.
We focus on a salt-free solution of micelles (no excess

low molecular weight salt is added in the solution). The
micelle solution is considered to be so dilute that the
addition of oppositely charged macroions leads to the
formation of single micelle complexes only (e.g., forma-
tion of multimicelle aggregates is neglected).

When oppositely charged polyions (with charge den-
sity â) are added to the solution, they preferentially
displace counterions that are trapped inside the micelle
because of the total gain in the translational entropy
(on the order of QkT per micelle). The entropy losses
due to penetration of long polyions inside the micelle
are small with respect to the entropy gain of mobile
counterions, and we neglect this factor. In the following,
we assume that the branches of both the micelle and
the polyions are weakly charged (R and â , 1, while
still satisfying eq 2) and that both corona-forming
polymers and polyions are intrinsically flexible (that is,
in the uncharged state the Kuhn length of the backbone
of each polymer is comparable to the size of a monomer).
The weak charging and the flexibility ensure the local
Gaussian statistics of the chains, and under these
conditions the electrostatic stiffening of the chains is
negligible.

Electrostatic interactions between the branches of the
micelle corona and the polyions lead to formation of a

complex. We denote the average density profiles of the
corona and polyions by c(x) and n(x), respectively (x is
the distance from the core-corona interface). The
distribution of the overall charge due to the corona and
polyion in the complex is then given by eF(x) ) e[Rc(x)
- ân(x)]. Note that the charge on both polyelectrolytes
is assumed to be homogeneously distributed along the
polymer backbone, which also is the assumption used
for the SCF calculations to be discussed later.

In addition to the electrostatic forces, the monomers
of the micelle corona and polyion experience short-range
nonelectrostatic interactions. We assume for simplicity
that the thermodynamic quality of the solvent with
respect to the nonelectrostatic interactions is the same
for both the corona of the micelle and the polyion, and
we describe them through the second (v) and the third
(w) virial coefficients of monomer-monomer interac-
tions. In the framework of the Flory theory of polymer
solutions, the density of the free energy of such interac-
tions is given by17

where v/a3 ) 1/2 - øps, and øps and ø are the respective
Flory-Huggins parameters of monomer-solvent and
monomer-monomer interactions. Under conditions of
a good or Θ solvent (v > 0 or 0, respectively), the
nonelectrostatic interactions are repulsive and lead to
the stretching of the branches of micelle even in the
absence of the electrostatic interactions. In a poor
solvent (v < 0), the attraction between monomers can
lead to the collapse of the corona of micelle. In the salt-
free solution, collapse of the starlike corona occurs as
an abrupt transition. The transition point is specified
by the condition vt ) -a3R-1/2.16 Above the transition
point, v > vt, the corona is swollen by the osmotic
pressure of counterions, and its size (H) is given by eq
1. Below the transition point, v < vt, the nonelectrostatic
attraction dominates, and the corona of the micelle
shrinks. As a result, the solution of micelles becomes
unstable. Below we focus on the range of solvent
strength corresponding to the values of v > vt )
-a3R-1/2.

III. Analytical Self-Consistent-Field Theory
A. Free Energy of the Complex ∆Φ. We start with

formulating the expression for the free energy ∆Φ of
the micelle-polyion complex in a salt-free solution. In
this case, it is reasonable to assume that the mobile
counterions are totally substituted by the polyions, and
the free energy ∆Φ consists of the following contribu-
tions:

Here, ∆Wel is the electrostatic energy due to the charge
F(x) distributed within the corona of micelle, ∆Fmix is
the free energy of nonelectrostatic interactions, and
∆Fstr is the free energy of stretching of the branches.
As noted above, the translational entropy of the polyions
within the micelle is neglected in our considerations.

1. Electrostatic Energy. The electrostatic contribu-
tion to the total free energy of the complex yields

where E is the electric field and integration is carried

H ) aR1/2N (1)

f . a/(lBR1/2) (2)

fmix/kT )

v[n(x) + c(x)]2 + w[n(x) + c(x)]3 + øc(x) n(x) (3)

∆Φ ) ∆Wel + ∆Fmix + ∆Fstr (4)

∆Wel/kT ) 1/(8πkT)∫V
εE2 dV (5)
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over the volume V of the complex. For the spherical
symmetry of the complex the Gauss theorem relates the
electric field E to the charge distribution F(x) as

By substituting the expression for E(r) into eq 5, we find

2. Nonelectrostatic Interactions. The contribution
due to the nonelectrostatic interactions between mono-
mers yields

where the integration is carried over the volume of the
corona. We note that according to eq 8 both v and ø have
the dimensions of a3 whereas w scales as a6.

3. Stretching of Branches. Finally, the last contri-
bution to the free energy of the complex accounts for
the nonuniform stretching of branches in the micelle.
We assume that all the free ends of the corona chains
are localized at the outer edge of the micelle and that
the branches are stretched with respect to their Gauss-
ian size. Under these conditions, the most probable
location x of the pth monomer of the branch could be
specified by the “trajectory”, x ) x(p).18 The relationship
between the local stretching of the chains (dx/dp) at
distance x from the center of micelle and the concentra-
tion of polymer units c(x) yields

Then the local stretching of the chains is given by

Correspondingly, the elastic free energy due to the
stretching of branches can be represented as18

B. Minimization of the Free Energy ∆Φ. We now
must minimize the total free energy ∆Φ with respect
to the two unknown functions c(x) and n(x) under
conditions of conservation of the total amount of polymer
in the corona of the micelle,

and of the total amount M of polyion in the micelle,

The details of minimization procedure are collected in
the Appendix. As is demonstrated in the Appendix, the
electrostatic attraction between oppositely charged poly-
mers (the corona-forming blocks and the polyion) is
much stronger than the nonelectrostatic repulsion
between monomers, and under a wide range of condi-
tions, the complex is almost electroneutral locally,

The electroneutrality condition in eq 14 is the basic
approximation of our analytical model. It allows us to
envision the micelle-polyion complex as a neutral
system with the renormalized virial coefficients of
monomer-monomer interactions. By substituting eq 14
in eq 3 for the density of the free energy of nonelectro-
static interactions, we obtain

where the effective second virial coefficient, veff, is given
by

whereas the effective third virial coefficient yields

The local electroneutrality approximation (eq 14) makes
it possible to substitute the original functional for the
free enrgy, ∆Φ (eqs 4, 7, 8, and 11) by the approximate
functional which depends only on the local concentration
of polymer c(x),

Here, g{c(x)} is the density of the free energy in the
complex in framework of the local electroneutrality
approximation. Equation 18 is equivalent to the corre-
sponding equation for neutral spherical brushes or
starlike polymers.19 We now exploit this equivalence and
formulate below the results that follow from eq 18.

IV. Results
A. Polymer Density Profile c(x) and Overall Size

of the Complex H. Variation of the functional ∆Φ (eq
18) with respect to unknown function c(x) leads to the
following condition for the local equilibrium within the
complex,19b

to give

Equation 20 ensures the constant value of the osmotic
pressure (or, equivalently, the conservation of the
chemical potential of solvent molecules within the
complex).19b

1. Good Solvent Conditions. Under the conditions
that the pair contacts between monomers dominate, veff
. c(x)weff, the contribution of the ternary contacts is
negligible, and the second term in eq 20 can be omitted.
As a result, the polymer density profile c(x) is given by

The size of the corona is obtained by integrating c(x)
according to eq 12.19,20 We find the equilibrium size of
the micelle-polyion complex to be

E(r) ) e/(εr2) ∫R

r
x2[Rc(x) - ân(x)] dx (6)

∆Wel/kT ) lB/2∫R

H
r-2 dr{∫R

r
x2 dx[Rc(x) - ân(x)]}2 (7)

∆Fmix/kT ) 4π ∫R

H
x2{v[n(x) + c(x)]2 +

w[n(x) + c(x)]3 + øc(x) n(x)} dx (8)

c(x) ) f dp/(4πx2 dx) (9)

dx/dp ) f/[4πx2c(x)] (10)

∆Fstr/kT ) 3f/(2a2)∫R

H
(dx/dp) dx )

3f 2/8πa2∫R

H
1/[c(x)x2] dx (11)

4π∫R

H
c(x)x2 dx ) fN (12)

4π∫R

H
n(x)x2 dx ) M (13)

Rc(x) ≈ ân(x) (14)

∆fmix/kT ) v[(1 + R/â)2 + Rø/â]c(x)2 +

w(1 + R/â)3c(x)3 ) veffc(x)2 + weffc(x)3 (15)

veff ) v[(1 + R/â)2 + Rø/â] (16)

weff ) w(1 + R/â)3 (17)

∆Φ/kT ≈ 4π∫R

H
x2g{c(x)} dx ) 4π ∫R

H
x2{veffc(x)2 +

weffc(x)3 + 3f 3/[32π2a2c(x)x4]} dx (18)

c(x)[δg{c(x)}/δc(x)] - g{c(x)} ) 0 (19)

veffc(x)2 + 2weffc(x)3 - 3f 3/[16π2a2c(x)x4] ) 0 (20)

c(x) = f 2/3a-2/3(veff)
-1/3x-4/3 (21)

Macromolecules, Vol. 34, No. 14, 2001 Ionized Polymer Micelles 5055



where the subscript (+) indicates good solvent condi-
tions. Here and below, the numerical coefficients are
omitted if not specified otherwise.

2. Θ Solvent Conditions. Inferior solvent strength,
|veff| , c(x)weff, leads to the dominance of ternary
contacts. We can neglect the contribution of the pair
contacts in eq 20, and the polymer density profile scales
as

The overall size of the complex is given by

where subscript (Θ) indicates Θ solvent conditions.
The crossover between the two dependences for the

polymer density profiles occurs at distance

At distances x , x*, the polymer density profile is given
by eq 23 whereas at distances x . x*, the distribution
of polymer is determined by eq 21. Therefore, under
good solvent conditions, the inner part of the polymer
density profile is still determined by the ternary contacts
between monomers. This, however, does not change
dependence (22) for the overall size of the complex
provided that x* , H+. By substituting the correspond-
ing expressions 22 and 25, we find the lower boundary
for the range of good solvent conditions,

3. Poor Solvent Conditions. A further decrease in
solvent strength leads to the collapse of the complex due
to the attractive pair interactions. Under these condi-
tions, the stretching of branches can be neglected.
Correspondingly, the equilibrium concentration of poly-
mer within the complex is determined by the balance
of attractive pair contacts and repulsive ternary interac-
tions to give

The overall size of the collapsed complex scales as

where subscript (-) indicates poor solvent conditions.
Similar to the case of good solvent conditions, the
distribution of polymer within the inner part of the
complex (closer to the core of micelle) is governed by
the ternary contacts. That is, at distances x < x** where

the polymer density profile is given by eq 23 whereas
at distances x . x**, the polymer distribution is given
by eq 27. Scaling dependence (28) does not change,
however, when x** , H-. This inequality determines
the upper boundary for the range of collapsed complex
conditions,

B. Diagram of States. Our analysis indicates that
in framework of the self-consistent-field model there are
three different regimes for micelle-polyion complex.
These regimes are delineated in the diagram of states
of the complex in Figure 2 as I+, IΘ, and I-. The diagram
is presented in the veff/a3, RlB/a coordinates. For simplic-
ity, we focus here on the case of exact matching of the
charge, R ) â. Under these conditions, the effective third
virial coefficient weff/a6 ) 8w/a6 ) constant (and we omit
it from consideration), whereas the effective second
virial coefficient veff/a3 ) 4v + ø can be changed due to
variations in v or ø. When veff/a3 > f 1/4N-1/2, the complex
is swollen by the repulsive pair contacts between
monomers (region I+ in Figure 2). When |veff/a3| <
f 1/4N-1/2, the complex is swollen by the repulsive ternary
contacts (region IΘ in Figure 2). Finally, when veff/a3 <
-f 1/4N-1/2, the complex is stabilized by the attractive pair
and repulsive ternary contacts between monomers
(region I- in Figure 2).

The regimes I+, IΘ, and I- describe complexes where
the charge on the micelle is compensated by the bound
polyions despite unfavorable nonelectrostatic interac-
tions between the polyions and the branches of micelle.
Decreases in charge on the micelle and polyions desta-
bilize the complex, and at small values of R (and â), the
nonelectrostatic interactions destroy the complex. That
is, the polyions are released from the complex and are
substituted by the mobile counterions. (The size of the

H+ = af 1/5N3/5(veff/a
3)1/5 (22)

c(x) = f 1/2a-1/2(weff)
-1/4x-1 (23)

HΘ = af 1/4N1/2(weff/a
6)1/8 (24)

x* = (f/a)1/2(weff)
3/4(veff)

-1 (25)

veff/a
3 = f 1/4N-1/2(weff/a

6)5/8 (26)

c(x) = |veff|/weff (27)

H- = (Nweff/|veff|)1/3 (28)

x** = (f/a)1/2weff
3/4|veff|-1 (29)

veff/a
3 = -f 1/4N-1/2(weff/a

6)5/8 (30)

Figure 1. Representation of the complex formed between a
cationic polymer micelle and a polyanion.

Figure 2. Diagram of states as a function of the effective
second virial coefficient (veff) and the degree of ionization of
the micelle corona (R).
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free micelle is then given by eq 1.) Under the conditions
of a good or a Θ solvent, the threshold of complex
formation can be estimated by equating the sizes of
micelle in the complex (eqs 22 and 24) and in the free
state (eq 1). We obtain respectively veff/a3 ) f -1N2R5/2

and RlB/a ) f 1/2N-1 (the dashed line in Figure 2). To
the left of this line, the micelles do not form complexes
with polyions (shaded area). In a poor solvent, the
situation is more complicated and will be considered
elsewhere. Here, the dashed line in Figure 2 indicates
the boundary between the swollen and the collapsed
states of an individual micelle, v/a3 ) R-1/2.

In addition to regions I+, IΘ, and I-, the diagram
contains also two novel regimes Ic+ and IcΘ. We discuss
them below.

1. Charge Correlations Induced Collapse. Up to
now we have exploited a self-consistent-field model of
the complex. In this model the distributions of charge
due to all the components are smoothed and averaged.
The spatial correlations between the locations of differ-
ent charges are ignored. We now take into account the
correlations between charges following the ideas devel-
oped earlier.21

In the framework of our model, the oppositely charged
groups of the micelle and polyion do not form irrevers-
ible links, and the micelle-polyion complex can be
envisioned as a gas of pointlike charges. The electro-
static interactions between oppositely charged species
in such a system lead to a correlation contribution
(∆Fcorr) to the total free energy (∆Φ) of the system,22

Here, gcorr{c(x)} is the contribution to the density of the
free energy of complex due to the correlation attraction
between charges. This contribution to the total density
g{c(x)} gives rise to the additional term in eq 27, which
is now modified as

Equation 32 indicates that, in addition to the regimes
discussed above, one can find a collapsed complex where
the repulsive pair or ternary monomer-monomer in-
teractions are balanced by the correlation attraction
between charges.

Under the conditions of a good solvent, the balance
of binary contacts with the charge correlation term (that
is, the balance of the first and the third terms on the
left-hand side of eq 32) gives

(recall that numerical coefficients are omitted in all the
scaling dependences).

If, however, we consider the complex as a semidilute
solution of polymer and incorporate the monomer-
monomer correlations according to scaling concepts23

(that is, assume that δfmixa-3/δc(x) = (veff/a3)3/4[c(x)-
a-3]5/4), we arrive at a different power law dependence

The overall size of the complex is given by

where subscript (c+) indicates that the collapsed state
of the complex is stabilized by the repulsive pair
contacts and the correlation attraction. Below we use
eqs 34 and 35 to describe the structure of complex in
the Ic+ regime. We recall that incorporation of scaling
corrections for starlike polymers swollen in good sol-
vents does not change the dependence described by eq
22 for the overall size of the complex in the I+ regime
(see discussion in ref 20b for more details).

Balancing the ternary contacts with the charge cor-
relation term in eq 32 gives for the equilibrium polymer
concentration

Here, the overall size of the complex scales as

where subscript (cΘ) indicates the collapsed state of the
complex stabilized by the repulsive ternary contacts and
the correlation attraction between charges.

The collapsed states of micelle-polyion complex in-
duced by the correlation attraction between charges are
delineated in the diagram of states (Figure 2) as Ic+ and
IcΘ regions. The boundaries between these regimes and
the regimes I+, IΘ, and I- can be obtained by equating
the corresponding expressions for the complex size H.
We recollect that the diagram in Figure 2 is derived for
the case of charge matching, R ) â, and any dependence
on weff is omitted. In addition to the already established
boundaries I+-IΘ (eq 26) and IΘ-I- (eq 30), the other
boundaries are given by

The diagram indicates that the effects of correlation
attraction become significant at relatively high degrees
of ionization, RlB/a > N-1/2f 1/4. For flexible polymers
with lB/a ≈ 1 and for a micelle with f ) 100 and N )
100 the transition to the correlations induced collapsed
state of the complex is expected at R > 0.3-0.4.

We note that the collapsed states of micelle-polyion
complex (regions I-, Ic+, and IcΘ) are characterized by
the positive surface free energy associated with the
sharp boundary between the body of the complex and
the pure solvent. This positive surface energy promotes
the attraction between complexes and their possible
precipitation from the solution. The thermodynamically
stable water-soluble complexes are expected in regions
I+ and IΘ where the boundary between the complex and
the solvent is smoothed.

V. Numerical Self-Consistent-Field (SCF)
Theory

The findings of our analytical theory formulated in
the previous section are based on certain simplifying

∆Fcorr/kT ) -8(πlB)3/2/3∫R

H
x2[Rc(x) + ân(x)]3/2 dx )

-8(πlB)3/2/3∫R

H
x2[2Rc(x)]3/2 dx ) 4π∫R

H
x2gcorr{c(x)} dx

(31)

c(x)2veff + 2c(x)3weff - π1/2(2RlB)3/2c(x)3/2/3 )

3f 3/(16π2a2c(x)2x4) (32)

c(x) = (RlB)3/veff
2 (33)

c(x) = (RlB/a)2/veff (34)

Hc+ = [fNveff/(RlB/a)2]1/3 (35)

c(x) = RlB/(weff)
2/3 (36)

HcΘ = [fNweff
2/3/(RlB)]1/3 (37)

veff/a
3 = (RlB/a)5N2f -1 I+-Ic+ (38)

veff/a
3 = (RlB/a) Ic+-IcΘ (39)

veff/a
3 = -(RlB/a) I--IcΘ (40)

RlB/a = N-1/2f 1/4 IcΘ-IΘ (41)
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assumptions (total release of small counterions, local
electroneutrality of the complex, equal stretching of the
branches, etc.) We now employ a more refined numerical
SCF model to check these assumptions and to supple-
ment our analytical results with more precise numerical
data. Because of its inherent nature, the numerical SCF
method does not account for the charge correlations
within the complex (regions Ic+ and IcΘ of the diagram
in Figure 2). We therefore focus on the mean-field
regions I+, IΘ, and I-.

The well-known Scheutjens-Fleer formalism employs
a lattice model of the system. In our case, it is a
spherically symmetric shell of concentric layers of total
thickness D. (The thickness of a single layer is chosen
as a unit length and is equal to the size of monomer.)
The dense micelle core of thickness R is located in the
center of the shell and is impermeable for the branches
of micelle and polyions. We kept fixed the following
parameters in all our calculations: R/a ) 10, f ) 100,
N ) 100, and D/a ) 100. (These values are similar to
the properties of the PVP-PS micelles studied in ref
14.) In some cases discussed later N ) 300 was used.
For a “salt-free system” the solution was composed
primarily of polyions and their counterions although to
ensure convergence of the calculations extremely small
concentrations of salt ions were also present. The total
number of polyion monomers added is designated by the
symbol Θ and typically is 12 000, which slightly exceeds
the number of monomer units in the corona (fN )
10 000). The strength of electrostatic interactions in the
system was varied by changes in the degrees of ioniza-
tion of the micelle (R) and the polyion (â). The nonelec-
trostatic interactions were described by the values of
Flory-Huggins parameters of polymer-polymer and
polymer-solvent interactions, ø and øps, respectively.

The numerical SCF method searches for the mini-
mum of the total free energy of the system. As a result,
it finds the equilibrium distributions of all the compo-
nents (corona chains, polyions, salt ions, etc.) and
determines the distribution of electric field on the level
of the Poisson-Boltzmann formalism. The fundamen-
tals of the numerical SCF method can be found in ref
24, and a description of the particular scheme used in
this work was presented in ref 25. A similar approach
was employed earlier to study the dilute and semidilute
solutions of charged starlike polymer.25b

A. Individual Micelle. We start with a single micelle
immersed in a water solution. Figure 3 demonstrates
the equilibrium polymer density profiles of corona
chains, c(x), as a function of distance x from the core of
micelle at various degrees of ionization R. If R is equal
to zero, the micelle is electroneutral, and the polymer
density profile in the corona reflects the features of a
neutral spherical brush in a good solvent.26 That is, one
finds a rapid decay in the polymer density at small
distances from the core, which becomes “parabolic-like”
at the periphery of the corona. Because of relatively
short branches (in this calculation N ) 100), the two
regimes are not so distinct.27 Even a small increase in
R leads to additional swelling of the corona, and the
shape of the polymer density profile changes. For R >
0.1 the c(x) profile rapidly becomes very similar to the
R ) 1 fully charged case (intermediate values of R not
shown for clarity.

B. Micelle-Polyion Complex. The addition of op-
positely charged polyions to the system leads to the
formation of a micelle-polyion complex. The polyions

penetrate the corona of the micelle and shield the
repulsion between the branches, leading to the release
of small ions to the surrounding solution. As was
discussed above, the major driving force for polyion-
micelle complexation is the displacement of small coun-
terions by the polyion with the concomitant gain of
entropy. To test this idea, we carried out some calcula-
tions in which different numbers of polyion monomers
were added (e.g., variable Θ value) at a constant number
of segments per polyion (P). In Figure 4a we present
the corona profile (c(x)) for Θ in the range 0-16 000 (for
R ) 1 and P ) 100). The initial few additions of polyion
causes the profile to contract from the polyion-free case
(Θ ) 0), but then the profile steadily expands as Θ
increases, up to the point that the number of polyion
segments equals the number of corona segments (Θ )
10 000), with essentially no change thereafter. These
SCF calculations clearly demonstrated that variations
in the total amount of added polyelectrolyte did not
affect the structure of complex provided that Θ was
sufficient to compensate the total charge on the micelle.
These results are also in agreement with the analytical
model.

The effect of P can be also examined by calculating
Θexcess, defined by

where nbulk is the concentration of the polyion near the
outer edges of the spherical compartment that contains
the micelle (Vtotal is the total volume of the compart-
ment) (see Figure 4b). For P > 20 Θexcess approaches
10 000, meaning that almost all charge compensation
is the result of the polyion inside the micelle corona
(Figure 4b).28 Therefore, we do not expect any significant
effect of P unless it is much less than N (recall that N
) 100 for our calculations). This is in qualitative
agreement with the experimental results in ref 14 and
our analytical model. Almost all the original small
anions have been expelled, as their excess drops to
nearly zero (not shown because there is nearly complete
charge compensation when small ions are included; see

Figure 3. Polymer micelle corona density profile (c(x)) as a
function of distance from the micelle core for the indicated
degrees of ionization (R) (all for øps ) 0, a good solvent and no
added polyion, Θ ) 0).

Θexcess ) 4π
Vtotal

∫R

D
(n(x) - nbulk)x2 dx (42)
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later discussion). There was no hint of charge or mass
overcompensation, as expected from a SCF calculation.

We now explore the structure of micelle-polyion
complex as a function of the charge density on the
chains and the solvent quality.

1. Size of Micelle-Polyion Complex. The size of
the complex H1 was calculated as the first moment of
the polymer density distribution c(x),

The degree of ionization of the polyion was kept equal
to that of the micelle, â ) R. The quality of the solvent

was varied from very good (øps ) -2 and øps ) 0) to a Θ
solvent (øps ) 0.5) and then to a poor solvent (øps ) 0.6)
(recall that ø is taken to be equal to 0). Figure 5 displays
the behavior of H1 as a function of the degree of
ionization R (in logarithmic coordinates) for different
values of øps. The curves in Figure 5 indicate that at
relatively high values of R the size of the complex is
almost unaffected by decreases in R. This is in agree-
ment with the prediction of the analytical model, as the
size of the complex is determined by the effective virial
coefficients of monomer-monomer interactions, veff and
weff (eqs 16 and 17). When the degrees of ionization of
the micelle and of the polyion coincide (â ) R), the values
of veff and weff do not depend on R. Therefore, the size of
the complex does not change with variations in R.
Inferior solvent strength leads, however, to a decrease
in veff, and the size of complex diminishes.

Further decreases in R destroy the complex, and the
size of micelle gradually approaches the value for a
neutral micelle (R ) 0). As is seen from Figure 5, each
curve has two “plateau” regions: one corresponding to
a complex at larger R and the other to an individual
neutral micelle for small R. There is also a transition
region that corresponds to the gradual disruption of the
complex. In our scaling model, the transition region is
associated with the boundary of the shaded area in
Figure 2 where the complex does not form. Under Θ
solvent conditions (øps ) 0.5) the position of this bound-
ary (dashed line in the diagram in Figure 2) is given by
RlB/a ) f 1/2N-1 (see the discussion of the diagram of
states). For our set of parameters (f ) 100, N ) 100,
and lB/a ) 1) the scaling model predicts (within the
accuracy of a numerical coefficient on the order of unity)
R ) 0.1 for this boundary. We see from Figure 5 that
for øps ) 0.5 (corresponding to a Θ solvent) the transition
region occurs close to R ) 0.1. Under good solvent
conditions (ø ) 0, -2), the transition region shifts to
the larger values of R. This is also in agreement with
the diagram of states: the dashed line shifts to the right
with increases in veff (see Figure 2).

According to our analytical model, the size of the
micelle-polyion complex is governed by the values of
veff and weff. To check this prediction, we performed the

Figure 4. (a) Polymer micelle corona density profile (c(x)) for
different concentrations of the polyion (values of Θ indicate
the total number of polyion segments). The number of seg-
ments on each polyion (P) is 100, and R ) â ) 1. Since the
number of segments in the corona is 10 000 (fN) charge
compensation by the polyion is possible for Θ ) 10 000. (b)
Plot of the excess polyion in the micelle corona (Θexcess) as
defined by eq 42 as a function of the number of segments on
the polyion (P) (all for Θ ) 12 000). As Θexcess approaches
10 000, all counterions in the corona have been replaced by
the polyion.

H1 ) ∫R
x3c(x) dx/∫R

H
x2c(x) dx )

4π(fNa3)-1∫R
x3c(x) dx (43)

Figure 5. Plot of the polymer micelle thickness (H1) as a
function of corona ionization (R) for the indicated values of øps
(ø ) 0, P ) 100, Θ ) 12 000 for all calculations).
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calculations not only for the symmetric case (R ) â) but
varied R and â separately and also changed the param-
eters of polymer-solvent and polymer-polymer interac-
tion, øps and ø. (These quantities are not equal to each
other in general for the calculations discussed here.) The
values of parameters were varied as follows: 0.4 < R, â
< 0.6; -2 < øps < 0.6, -0.1 < ø < 0.5. This allowed us
to vary both veff and weff and to calculate H1(veff,weff) (see
eq 43).

We will discuss the general behavior of the size of the
micelle-polyion complex in terms of the reduced size Y
) H1(veff,weff)/H1(veff)0,weff). H1(veff)0,weff) is the size
of micelle-polyion complex under the “effective” Θ
conditions, veff ) 0. For neutral starlike polymers in Θ
solvents, ternary contacts between monomers lead to
swelling of the star with respect to the Gaussian size
()aN1/2).20 In the limit of strong stretching, H1 . aN1/2,
the size of the star in a Θ solvent is given by H1-
(veff)0,weff) = aN1/2weff

1/8f 1/4.20b Swelling of the starlike
polymer under the conditions veff > 0 can be considered
along the lines of the Flory theory17 (see also ref 20b).
That is, the free energy F of the starlike polymer as a
function of the swelling ratio of the branch γ ) Η1/aN1/2

can be described as

Here, the first term arises from the stretching of the f
branches of the star (each branch is considered as an
individual Gaussian chain stretched from its unper-
turbed size aN1/2 up to H1), whereas the second and the
third terms are due to the pair and ternary contacts
between monomers (which are assumed to be spread
uniformly within the volume of the star). The numerical
coefficients are omitted. Minimization of the free energy
F with respect to γ gives an equation for the swelling
ratio of the star,

By substituting γ ) Y(weff
1/8f 1/4) in eq 45, we arrive at

the following equation for Y,

When the number of branches (f) and the third virial
coefficient (weff) are fixed, eq 46 predicts a universal
dependence, Y ) Y(Z). When, however, weff is varied,
the deviations from the universal curve Y ) Y(Z) due
to the third term on the left-hand side in eq 46 could be
noticeable. For example, when Z ) 0 and weff

1/4f 1/2 .
1, the reduced size Y scales as (Y - 1) ) (weff

1/4f 1/2)-1.
Figure 6 demonstrates the reduced size of the complex

Y ) H1(veff,weff)/H1(veff)0,weff) vs Z ) (veffN1/2)/(weff
5/8f 1/4)

calculated for the values of f ) 100 and N ) 300. (This
larger value of N was selected to accentuate the
effect of chain stretching in the corona.) The value of
H1(veff)0,weff) was determined as H1(veff)0,weff) )
aN1/2weff

1/8f 1/4 ) H1(øps)1/2, ø)0, R)â)0.5) [(1+ R/â)/
2]3/8. As is seen from Figure 6, the data points localize
around the master curve. The diamonds correspond to
the symmetric case, R ) â, and for the values of R )
0.4, 0.5, and 0.6 the data points lie virtually on top of
each other. We note that when R ) â, weff ) 8w and veff
) 4v + ø (eqs 17 and 16), and variations in R do not

change the values of weff and veff. For values of R < â
the data points are shifted above the master curve while
for R > â they are shifted below the master curve. These
systematic deviations are not large but still noticeable.
Equation 46 indicates that due to the third term on the
left-hand side, the reduced size Y should increase (with
respect to the symmetric case) when R < â and decrease
when R > â. We anticipate that an increase in the
number f of branches will reduce the effect of the third
(nonuniversal) term in eq 46 and diminish the devia-
tions from the master curve. We note that eq 46 does
not take into account the final size of the core. This
approximation is valid when the size of the corona H1
exceeds noticeably the size of the core R, H1 . R.
Therefore, increases in length of the branch N would
also diminish the deviations from the master curve.

2. Distribution of Polymer in the Complex.
Figure 7a demonstrates the effect of charging on the
corona structure for the symmetric (R ) â) micelle-
polyion complex in the Θ solvent (øps ) 0.5). For weak
charging (R ) 0.01), the complex is not stable, and the
corona density profile (c(x), see Figure 7a) is typical of
a neutral micelle corona (see Figure 3). For values of R
in the range 0.05-0.10 the complex is formed, and
further increases in R do not lead to noticeable change
in the corona profile within the complex. (We recollect
that according to Figure 5 the transition region of
micelle-polyion complex in the Θ solvent is located
around R ) 0.1.) The c(x) profile in the complex
demonstrates the convex and concave curvature that is
typical of neutral micelles.

Figure 7b presents the polyion density profiles (n(x))
for different charge densities. For R > 0.05 the distribu-
tions of polyions are very similar to each other, and the
micelle-polyion complex is thermodynamically stable.
At R ) 0.05, the polyions start to leave the complex,
and at R ) 0.01 the complex is destroyed. (The concen-
tration of polyion inside the micelle is only slightly
higher than in the surrounding solution.)

Figure 8 demonstrates how the free ends of the corona
branches are distributed throughout the complex for the

F/kT ) 3f(γ2/2 - ln γ) + vefff
2N1/2γ-3 + wefff

3γ-6

(44)

γ8 - γ6 ) γ3(vefffN
1/2) + wefff

2 (45)

Y5 - Y-3 - Y3(weff
1/4f 1/2 )-1 )

(veffN
1/2)/(weff

5/8f 1/4) ) Z (46)

Figure 6. Plot of scaled and normalized micelle thickness Y
) H1(veff,weff)/H1(veff)0,weff) vs the swelling parameter Z )
(veffN1/2)/(weff

5/8f 1/4) (see text). The parameters P and Θ are the
same as in Figure 5, but a variety of øps and ø values were
used. For these calculations we picked N ) 300 to accentuate
chain stretching in the corona.
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same values of parameters as in Figure 7. As is seen
from Figure 8, for the chosen set of parameters the free
ends of the branches are widely distributed within the
complex. In micelles with larger branches and in better
solvents (øps < 0.5), the free ends become more localized
at the periphery of the corona (not shown in Figure 8),
but the distribution is still rather broad.

3. Distribution of Charge in the Complex. Figure
9 displays the distribution of the net corona-polyion
charge density, F(x) ) Rc(x) - ân(x), or the total charge
density (lower panel) (the parameters are the same as
in Figure 7). The deviation from electroneutrality at
small x is a typical double-layer effect within a few
lattice constants of the interface. As is seen from Figure
9, there is some expulsion of the polyions from the
complex for R ) 0.1, which leads to an increase in F(x).
Even for relatively short branches (N ) 100 for these
calculations), the local electroneutrality condition (eq 14)
seems to be a reasonable approximation to describe the
micelle-polyion complexes.

4. Effect of Charge Distribution of the Polyion
on the Structure of the Complex. We now focus on

how the distribution of charges along the backbone of
the polyion affects the features of the micelle-polyion
complex. According to our scaling model, the structure
of the micelle-polyion complex is not sensitive to the
specific charge distribution on the polyion but is deter-
mined by its average degree of ionization â. Τï check
this prediction, we performed the SCF calculations for
a micelle with f ) 100, N ) 100, and degree of ionization
R ) 0.5, forming complexes with the following polyions:

Case 1: A uniformly charged homopolymer of P ) 100
monomers with â ) 0.5 (i.e. identical parameters used
for the calculations discussed earlier).

Case 2: A diblock copolymer with a noncharged block
of 50 monomers with â ) 0 and a charged block of 50

Figure 7. (a) Corona density plot (c(x)) and (b) the polyion
density plot (n(x)) for the symmetric (R ) â) micelle-polyion
complex in a Θ solvent for different values of R (øps ) 0.5 and
ø ) 0, P ) 100, Θ ) 12 000 for all calculations).

Figure 8. Density profile of the corona end groups (e(x)) for
the same set of parameters as in Figure 7.

Figure 9. Net corona-polyion charge density (F(x) ) Rc(x) -
ân(x)) and total charge density (FΤ(x) ) Rc(x) - ân(x) + cNa+(x)
- cCl-(x)) compared with the c(x) profile for for R ) 1, for the
same set of parameters as Figure 7 (note that c(x) is essentially
identical for R from 0.1 to 1).
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monomers with â ) 1. In this case, the length of the
polyion (100) and its average degree of ionization (0.5)
are the same as in case 1, but the charge along the
polyion is distributed asymmetrically.

Case 3: A multiblock copolymer of P ) 200 monomers
with a repeating block consisting of one charged mono-
mer (â ) 1) and three noncharged monomers (â ) 0).
In this case, the total charge on the chain (50) is the
same as in cases 1 and 2, but the average degree of
ionization, â ) 0.25, is halved.

The amounts of added polyion were sufficient to
compensate the charge on the micelle (Θ ) 12 000 in
cases 1 and 2, and Θ ) 24 000 in case 3).

Figure 10 demonstrates the distribution of monomers
for the corona chains (c(x)) and the polyion (n(x)) for
these three cases. As is seen from Figure 10a, in cases
1 and 2 the polymer density profiles for the corona
chains are virtually identical. For uniformly charged
polyion (case 1), c(x) is somewhat lower near the core of
the micelle and is only slightly larger in the peripheral
part of the corona than for diblock polyion (case 2). We

note that even such a small difference between the two
profiles in the peripheral part is sufficient to compensate
the noticeable difference near the core of micelle because
the total charge at distance x is proportional to x2. In
case 3 the polymer density is noticeably lower, and the
complex is more swollen. This is not surprising because
the micelle-polyion complex contains more neutral
monomers, leading to an increase in the effective virial
coefficients, veff and weff, according to eqs 16 and 17.

In Figure 10b we compare the polyion density profiles,
n(x), for the three different types of polyions. The density
profile for case 3 lies noticeably above the two other
curves due to the increased amount of neutral mono-
mers in the complex. In the context of an SCF theory
this is the only way to achieve mass overcompensation;
i.e., excess neutral polymer is dragged into the corona
by the charged portion of the polymer. Comparison of
the curves for case 1 and 2 indicates that whereas in
the peripheral part of the corona the two density profiles
are very close, near the core of micelle, the density
profile of the diblock polyion demonstrates a nonmono-
tonic behavior. Thus, the blocklike distribution of the
charge on polyion can influence the detailed structure
of the interior of the complex.

In Figure 11 we plot the spatial distributions of the
charged and of the neutral monomers of the diblock
polyion in the corona of micelle. The density profiles of
the charged and the uncharged monomers demonstrate
qualitatively similar features. Both density profiles
exhibit a maximum and have an adjacent shoulder.
However, the charged monomers concentrate closer to
the higher charge density that exists near the core, and
the density profile exhibits a relatively steep maximum
near the core. Obviously, the noncharged blocks do not
participate in the charge compensation, and they are
shifted to the more dilute peripheral part of the corona.
(If the neutral blocks were cut from the charged ones,
they would be totally expelled from the micelle.) Because
of the connectivity of the blocks in the diblock polyion,
there is only partial separation of the two density
profiles.

Therefore, we conclude that the overall size of the
micelle-polyion complex is not strongly affected by the

Figure 10. (a) c(x) for the homogeneously charged (case 1)
and diblock (case 2) polymers (both with â ) 0.5 and P ) 100)
and the polymer with every fourth monomer carrying a full
charge (â ) 0.25 and P ) 200) (case 3). (b) n(x) for the same
cases as (a) (other parameters as in Figure 7).

Figure 11. Distribution of the charged and uncharged blocks
of the diblock polyion and the total polyion distribution (n(x)).
The latter is the same as case 3 of Figure 10b.
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specific charge distribution on the polyion, but the
detailed internal structure of the complex could change
noticeably.

VI. Discussion

The results of this work indicate that a thermody-
namically stable micelle-polyion complex is formed
when the charges on the branches of micelle corona are
compensated by the oppositely charged polyions that are
“absorbed” by the corona. The driving force for this
process is the release of counterions from the corona of
the micelle into the bulk solution. Because of the
substitution of small counterions by macroions, the gain
in translational entropy of the system is about QkT per
micelle where Q is the total micelle charge. SCF
calculations indicate that “local electroneutrality” is
achieved by nearly complete replacement of the small
counterions by the polyion, in agreement with the
analytical theory. There is very little influence of the
length of the polyion on this process once the polyion is
larger than approximately 20 units (for a corona chain
length of 100, although we believe this will be a general
result). There are deviations from electroneutrality near
the micelle core-corona interface which are typical
double-layer effects.

The analytical theory developed in this paper employs
the “volume” approximation to describe the complex.
That is, the free energy of the micelle-polyion complex
reflects the contributions only from the body of the
micelle and does not account for any effects associated
with the surface of the complex. We also ignore the
possible conformational losses due to the absorbed
polyions. By taking advantage of the local electroneu-
trality approximation, we described the equilibrium
structure of the complex (its total size and the polymer
density profiles in the corona) under a variety of
conditions. The major conclusion is that the equilibrium
structure of the complex is governed by the effective
second and third virial coefficients of monomer-
monomer interactions, veff ) v(1 + R/â)2 + Rø/â and weff
) w(1 + R/â)3. These effective virial coefficients can be
mediated by variations in the solvent strength (which
determines the value of actual second virial coefficient
v), degrees of ionization, R and â, and the incompatibility
of the polymers (through the Flory-Huggins parameter,
ø). Depending on the relative values of veff and weff, the
characteristics of the micelle-polyion complex are de-
scribed by different asymptotical laws. The scaling
diagram of the states describes different regimes of the
complex behavior and delineates the range of its ther-
modynamic stability.

We note that our analytical model does not take into
account the electrostatic stiffening of the corona chains
and the polyion, an effect which becomes significant for
highly charged species with R = 1 and â = 1 (the same
holds for the numerical SCF model as well). As is known
(see, for example, ref 29 and references therein), the
electrostatic stiffening of a highly charged polyelectro-
lyte is governed by the intrinsic flexibility of polymer
and the electrostatic screening length κ-1. For flexible
polymers with a = lB, the electrostatic stiffening be-
comes important when R > (aκ)3/2.29 As follows from the
diagram of the states, at high values of R (for â ) R)
the micelle-polyion complex is found in the collapsed
state induced by the correlation attraction between the
charges. Here, the screening length κ-1 is determined
as κ-1 = (lBRc)-1/2,21b where c is average concentration

of polymer in the micelle-polyion complex (eqs 34 and
36). That is, in the collapsed complex with R ) â, the
electrostatic screening length scales as (aκ)-1 = R-3/2 and
as (aκ)-1 = R-1 in a good and a Θ solvent, respectively.
Therefore, the electrostatic stiffening starts to effect the
structure of the micelle-polyion complex only when R
g 1.

It follows from our analysis that the charged micelle
with bare charge Q ) RfN can bind an amount of polyion
of the same total charge. That is, the mass or number
of monomers of the bound polyion, M, is given by M )
RfN/â. When the polyion is ionized to a lesser extent
than the branches of the micelle, one can expect a
noticeable mass overcompensation of the complex, i.e.,
M/fN ) R/â > 1. This was also verified by explicit SCF
calculations. It remains an open question how much
neutral polymer can be dragged into a charged corona
as a function of R, â, and R/â.

Recent experiments14 performed on micelles composed
of polystyrene-block-poly(2-vinylpyridine) interacting
with sodium poly(styrenesulfonate) (PSS) in water
solutions indicated huge mass overcompensation of the
micelle-polyion complex. The pH of the solution was
low enough (pH ) 1) to protonate the pyridine groups
so that the degree of ionization of the poly(2-vinylpyri-
dine) block (corona block of the micelle) could approach
unity (R ) 1) in principle.30 The degree of sulfonation
of PSS chains was close to 94%, and the molecular
weight of the samples varied in the range 5K-800K.
Static light scattering (SLS) measurements indicated
that the apparent molecular mass of the micelle-PSS
complex increased with the concentration of micelles in
the solution while holding the PSS concentration con-
stant. This was attributed to the formation of PSS
bridges between the micelles. To eliminate this effect,
the SLS data were extrapolated to zero micelle concen-
tration. The observations demonstrated that at vanish-
ing concentration of micelles in the solution the amount
of bound PSS units was on the order of 4.7-5.5 per
pyridine group. The effect of the molecular weight of
PSS in the investigated range (5K-800K) was minor.
The weak dependence of the apparent mass of the
micelle-PSS complex on the length of PSS chains is in
agreement with our analytical theory.

The experimental observations of ref 14 can be
interpreted in different ways. A lower degree of ioniza-
tion of the added polyelectrolyte with respect to that of
a micelle can lead to mass overcompensation according
to the ratio R/â > 1 per monomer of the corona block.
Although the degree of sulfonation of the PSS molecules
was reported to be high ()94%), the effective dielectric
constant in the interior of the corona-polyion complex
could be substantially lower than in pure water, thereby
encouraging the formation of ion pairs between the
polyion and H+ counterions at pH ) 1. (This is equiva-
lent to raising the pKa of the PSS.) Therefore, it is
possible that the actual degree of ionization of the
sulfonated groups in the PSS molecules could be de-
creased, which yields a PSS/PVP ratio of R/â.

Another possible explanation for the phenomena
observed in ref 14 is charge inversion of the micelle-
polyion complex. The problem of overcharging of ionized
objects by oppositely charged polyelectrolytes has at-
tracted considerable attention recently.29,32-37 The origin
of the overcharging is attributed to particular configu-
rational aspects32-34 and/or the strong correlations
between screening ions.29,35,37 Up to the moment, the
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models used to study overcharging were limited to
impermeable charged interfaces (spherical or planar
surfaces). In this case, the polyelectrolyte binds to the
surface forming a double electric layer. (The charges due
to the polymer are separated from the opposite charge
on the interface.) In the case of the micelle-polyion
complex, the interface is the relatively diffuse corona
of the micelle, which is accessible to the oppositely
charged flexible polymer. The appearance of overcharg-
ing on the scale of the whole corona seems unlikely
because of the huge electrostatic energy penalty associ-
ated with such an interface. However, the outer bound-
ary of the complex could be overcharged due to the loops
produced by the absorbed polyions. The system would
be then reminiscent of a spherical colloid particle of size
H covered with loops of polyelectrolyte. Overcharging
of a spherical charged particle by a flexible polyelectro-
lyte in a dilute solution was considered in ref 32. By
using an analogy with the quantum theory of the atom,
Gurovitch and Sens showed that the maximal over-
charging of a pointlike particle with charge Q may be
estimated to be 15/6 ) 2.5.32 If micelle-polyion complex
is envisioned as charged only at the outer boundary with
the surface charge Q′ < Q, the overcharging 2.5Q′/Q is
still much less than observed experimental values.14

Numerical simulations employed a model of spherical
impermeable macroion to describe the charged micelle.34

Obviously, this model cannot account for the softness
of corona. A recent publication addresses the problem
of interaction of charged objects with multivalent (macro)
ions using the ideas of strongly correlated liquids.35 In
this approach, the origin of overcharging is the strong
correlation between macroions (see also ref 36). How-
ever, in the formalism of ref 35, the charged micelle
would be still modeled as a rigid sphere of fixed size,
and the internal structure of the micelle (which, we
believe, is a key issue in the formation of these com-
plexes) remains outside of the considerations of this
paper. An attempt to consider interaction of polyions
with an oppositely charged interface of finite thickness
was carried out in ref 38. The interface was modeled
by a planar layer of finite thickness and had the total
surface charge less than the surface charge due to the
polyions. A fraction of the polyions was embedded in
this layer to shield the charge of the interface, while
the rest were stretched and protruded into the solution.
Overcharging of the interface in this case (absorption
of extra polyions into the interfacial layer) occurred due
to the electrostatic repulsion between protruding poly-
ions. Though the results of ref 38 are not directly
applicable to micelle-polyion complexes, they enhance
our understanding of the overcharged systems that
could appear under, say, nonequilibrium conditions. We
note that the nonequilibrium features of micelle-
polyion aggregates could be also responsible for the
observed mass overcompensation of the PVP/PS-PSS
complexes studied in ref 14.

Finally, we would like to emphasize that all the
results of this paper hold in the salt-free solutions (or
solutions for which the salt-controlled Debye radius rD
exceeds the size H of the micelle-polyion complex, rD
. H). Decreases in rD will lead to the screening of
electrostatic attraction between micelle and polyions
and finally destabilization of the complex. We will
address the effect of added salt in a separate publication.
It is also interesting to consider the case of an annealed
polyion in the presence of acid or base, which will be

the subject of later theoretical study.
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Appendix
We have to minimize the functional of the free energy

∆Φ ) ∆Wel + ∆Fmix + ∆Fstr,

with respect to two unknown functions n(x) and c(x)
under the constraints

and

where M is the total amount of polyion in the micelle-
polyion complex.

To incorporate the constraints (eqs A2 and A3), we
search for the extremum of functional

where λ and µ are the indefinite Lagrange multipliers.
Variation of ∆Φ1/kT yields

where function u(r) is given by

Expressions in figure brackets in eq A5 should be equal
to zero at the minimum of functional ∆Φ1/kT. We
therefore arrive to the following equations for n(x) and
c(x),

∆Φ/kT ) lB/2∫R

H
r-2 dr {∫R

r
x2 dx [Rc(x) - ân(x)]}2 +

4π∫R

H
x2{v[n(x) + c(x)]2 + w[n(x) + c(x)]3 +

øc(x) n(x)} dx + 3f 3/8πa2∫R

H
1/[c(x)x2] dx (A1)

4π∫R

H
c(x)x2 dx ) fN (A2)

4π∫R

H
n(x)x2 dx ) M (A3)

∆Φ1/kT ) ∆Φ/kT - 4πλ∫R

H
c(x)x2 dx -

4πµ∫R

H
n(x)x2 dx (A4)

δ∆Φ1/kT ) ∫R

H
δc(x) dx {lBx2R∫x

H
r-2u(r) dr +

4πa3x2[2v(c(x) + n(x)) + 3w(c(x) + n(x))2 +

øn(x) - λ] - 3f 2/[8πa2c(x)2x2]} + ∫R

H
δn(x) ×

dx {-lBx2â∫x

H
r-2u(r) dr + 4πa3x2[2v(c(x) + n(x)) +

3w(c(x) + n(x))2 + øc(x) - µ]} (A5)

u(r) ) ∫R

r
t2[Rc(t) - ân(t)] dt (A6)

4π[2v[c(x) + n(x)] + 3w[c(x) + n(x)]2 + øn(x)] +

lBR∫x

H
r-2u(r) dr - 3f 2/[8πa2c(x)2x4] ) 4πλ (A7)
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By adding and subtracting eqs A7 and A8, we obtain

Under conditions of a good solvent (v > 0, w ) 0), eq A9
is a linear equation with respect to n(x). By solving it,
we express the polyion density profile, n(x), as a function
of the corona density profile, c(x), as

Under conditions of a Θ or a poor solvent, eq A9 is a
quadratic equation with respect to n(x) that could be
also solved analytically. However, the corresponding
calculations become too cumbersome, and we proceed
below with the case of a good solvent (w ) 0). By
substituting expression A11 for n(x) in eq A10, we obtain

where Λ is a new constant. Equation A12 is an integral
equation with respect to c(x). To simplify further analy-
sis, we reduce it to a differential equation of the second
order. First differentiation of eq A12 with respect to x
leads to

Second differentiation of eq A13 with respect to x gives

By substituting expression A11 for n(x) in eq A14, we
obtain the final equation for polymer density profile c(x),

When the micelle-polyion complex is not deformed (its
size H corresponds to the minimum of the free energy
functional ∆Φ (H)), the constant on the rhs in eq A15
can be neglected provided that µ is not too low. (We
recall that µ is the chemical potential per monomer of
the polyion in the bulk solution and can be mediated

by variations in polyion bulk concentration.) Then the
structure of complex is not sensitive to the bulk con-
centration of polyion and is totally governed by the
micelle-polyion interactions. Under these conditions,
the polymer density profile in the complex is determined
by the approximate equation

We now proceed with the scaling analysis of eq A16.
Namely, we search for solution of eq A16 in the form

where A(f,v,R,â,ø) is a function which does not depend
on distance x, and γ is an unknown exponent. By
substituting eq A17 into eq A16, we obtain

As is seen from eq A18, the first terms in figure brackets
do not depend on x whereas the second terms in figure
brackets decrease as x-2. Therefore, the second terms
can be neglected at not too small distances x from the
center of micelle. (We note that x > R where R is radius
of the core.) By retaining only the first terms in figure
brackets and omitting the numerical coefficients, we
obtain

By substituting expressions A19 in eq A17, we obtain
the scaling expression for the polymer density profile,

where

is the effective second virial coefficient of monomer-
monomer interactions. We therefore find that under the
conditions of a good solvent the electrostatic attraction
between oppositely charged polymers (the corona form-
ing blocks and the polyion) is much stronger than the
nonelectrostatic repulsion between monomers, and lo-
cally, the complex is almost electroneutral. That is,

The local electroneutrality approximation (eq A22)
allows us to envision the micelle-polyion complex as a
neutral system with the renormalized virial coefficients
of monomer-monomer interactions. We use this ap-
proximation to consider the conformations of the mi-
celle-polyion complex in a wide range of solvent
strengths.
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